BILINEAR SPACE-TIME ESTIMATES FOR LINEARISED 
KP-TYPE EQUATIONS ON THE THREE-DIMENSIONAL TORUS 

WITH APPLICATIONS 



AXEL GRUNROCK 



Abstract. A bilinear estimate in terms of Bourgain spaces associated with 
a linearised Kadomtsev-Petviashvili-type equation on the three-dimensional 
torus is shown. As a consequence, time localized linear and bilinear space 
time estimates for this equation are obtained. Applications to the local and 
global well-posedness of dispersion generalised KP-II equations are discussed. 
Especially it is proved that the periodic boundary value problem for the orig- 
inal KP-II equation is locally well-posed for data in the anisotropic Sobolev 
spaces ff|if|(T 3 ), if s > \ and e > 0. 



1. Introduction and main results 

In a recent paper [7] joint with M. Panthee and J. Silva we investigated local and 
global well-posedness issues of the Cauchy problem for the dispersion generalised 
Kadomtsev-Petviashvili-II (KP-II) equation 



(1) 



d t u — \D x \ a d x u + d x 1 A y u + ud x u = 
u(0,x,y) = uo(x,y) 



on the cylinders TxR and Txt 2 , respectively. We considered data uo satisfying 
the mean zero condition 

(2) / u {x,y)dx = 

Jo 

and belonging to the anisotropic Sobolev spaces i?J(T).ff^(M n_1 ), n € {2, 3}. We 
could prove quite general (with respect to the dispersion parameter a) local well- 
posedness results, to a large extent optimal - up to the endpoint - (with respect 
to the Sobolev regularity). In two dimensions and for higher dispersion (a > 3) 
in three dimensions, these local results could be combined with the conservation of 
the L 2 -norm to obtain global well-posedness. 

A key tool to obtain these results were certain bilinear space time estimates for 
free solutions, similar to Strichartz estimates. A central argument to obtain the 
space time estimates was the following simple observation. Consider a linearised 
version of JT]) with a more general phase function 



(3) 



d t u - i(j}{D x ,D v )u := d t u - i4> a (D x )u + d x 1 A y u = 
u(0,x,y) = u (x,y) 
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where </>o is arbitrary at the moment, with solution u(x, y, t) — e it ^ Dx,Dy 'Uo{x, y). 
Then we can take the partial Fourier transform T x with respect to the first spatial 
variable x only to obtain 

T x e u ^ D *- D ^u (k,y) = e^We^'^uoCA.v). 

Fixing k we have a solution of the free Schrodinger equation - with rescaled 
time variable s := 4, and multiplied by a phase factor of size one. Now the 
whole Schrodinger theory - Strichartz estimates, bilinear refinements thereof, lo- 
cal smoothing and maximal function estimates - is applicable to obtain space time 
estimates for the linearised KP-type equation $5§. 

While in two space dimensions this simple argument has to be supplemented 
by further estimates depending on <pg, we could obtain (almost) sharp estimates in 
the three-dimensional T x IR 2 -case only by using the " Schrodinger trick" described 
above. In view of Bourgain's L^ t -estimate for free solutions of the Schrodinger 
equation with data defined on the two-dimensional torus [31 first part of Prop. 3.6], 
the question comes up naturally, if our analysis in [7] concerning T x R 2 can be 
extended to KP-type equations on T 3 , and that's precisely the aim of the present 
paper. 

To state our main results we have to introduce some more notation: We will 
consider functions u, v, . . . of (x, y,t) £ T x T 2 x 1 with Fourier transform u, v, . . . , 
sometimes written as J-u, Tv, . . . , depending on the dual variables (£, r) := (fc, rj, r) e 
Z x Z 2 x I. Throughout the paper we assume u,v, . . . to fulfill the mean zero con- 
dition u(0, rj, t) = 0. For these functions we define the norms 

IMk,, b == \\\k\ s (v) E (cT) b u\\ LV , 

i 2 

where (x) 2 = 1 + \x\ 2 and a = r — (f>(£) = r — <fro(k) + ^j-. Allthough some of 
our arguments do not rely on that, we will always assume 4>o to be odd, in order to 
have ||u||x 3 , £ .i, = M|x s . E-b - For e = we abbreviate ||w||x s>eib = ||w||x s ,f ^ n these 
terms our central bilinear space time estimate reads as follows. 

Theorem 1. Let b > i, S1.2 > with Sx+S2 > 1 andso,i,2 > with £o+ £ i+ £ 2 > 0. 
Then the estimate 

(4) \\D^°(uv)\\ Llyt <\\u\\ Xsi ^Jv\\ XB2 ^ 
and its dualized version 

(5) ll™IU- ai ,- ei ,^<II^^II^Jkllx S2ie2 , t 
hold true. 

Taking Eq — and u — v we obtain the linear estimate 

(6) \\u\\ Ltyt < \\u\\ Xs ^, 

whenever s, b > h and e > 0. The estimate © can be applied to time localised 
solutions e *t<t>(D*,D y ) UQ and ^(D^.Dy)^ of p to obtain 

(7) \\D- B '(e^ D '^W^ D '^vo)^ 

provided si^ and £0,1,2 fulfill the assumptions in Theorem[TJ Especially for s > ^ 
and e > we have the linear estimate 

(8) lle^'^^olUtao,!],^)^!!^!!^. 
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The corresponding estimate for data ito defined on K 3 holds global in time and 
has a || wo || i on the right hand side, ft goes back to Ben Artzi and Saut pQ. 

H x L y 

Dimensional analysis shows that the Sobolev exponent s = \ is necessary. So we 
haven't lost more than an s derivative in the x- as well as in the y-variable. 

In order to prove Theorem [TJ we will work in Fourier space, where the product 
uv is turned into the convolution 




Here always (£, r) = (k, t], r) = (hi + k 2 ,m + r? 2 ,n + r 2 ) = (£1 + £2, n + r 2 ). 
Observe that there is no contribution to the above sum, whenever ki = or fc 2 = 0. 
In the estimation of such convolutions the cr-weights in the -XT^^-norms become 
<j\ = Ti — </>(£i) an d cr 2 — r 2 — (f>(£,2)- With this notation we introduce the bilinear 
Fourier multiplier M~ £ , which we define by 



TM £ (u,v)(£,t) := Y{fc#o} / dn {k x r} - krji) 6 u(£i,t 1 )v{&,t 2 ). 

Observe that \k\rj — kr]i\ = \k\r\2 — fc 2 ?7i|, so that we have symmetry between u 
and v. The operator M _£ serves to compensate for the unavoidable loss of the D e y 
in (HJ). A careful examination of the proof of Theorem [1] will give the following. 

Theorem 2. Let s,b > i and e > 0. Then 

(9) \\M-*(u,v)\\ Llyt < Hk>lk, 6 . 

The proof of the above theorems will be done in section 2, while section 3 is 
devoted to the applications. Here we specialize to the dispersion generalised KP-II 
equation ((T|), that is to (f)o(k) — |fc|"fc. For a — 2, which is the original KP-II 
equation we will use Theorem [T] to show the following local result. 

Theorem 3. Let s > i and e > 0. Then, for a — 2, the Cauchy problem ([T]) is 
locally well-posed for data uq G H^Hy(T 3 ) satisfying the mean zero condition @. 

For high dispersion, i. e. a > 3, one can allow s < and e = 0. In fact, by the 
aid of Theorem [2] we can prove: 

Theorem 4. Let 3 < a < 4 and s > 3 -^ s . Then the Cauchy problem |T]) is 
locally well-posed for data Uq 6 H^.Ly(T 3 ) satisfying (0). If s > the corresponding 
solutions extend globally in time by the conservation of the L\ y -norm. 

More precise statements of the last two theorems will be given in section 3. We 
conclude this introduction with several remarks commenting on our wcll-posedness 
results and their context. 

1. Concerning the Cauchy problem for the KP-II equation and its dispersion 
generalisations on R 2 and R 3 there is a rich literature, see e. g. [S], [1], [E], P"3"] - 
[16], [17], [2Q], [22], this list ist by no means exhaustive. For a — 2 the theory has 
even been pushed to the critical space in a recent work of Hadac, Herr, and Koch 
[TU] , On the other hand, for the periodic or semiperiodic problem the theory is 
much less developed. Besides Bourgain's seminal paper [5] our only references here 
are the papers [18j . |19j of Saut and Tzvetkov and our own contribution [7] joint 
with M. Panthee and J. Silva. 

2. The results obtained here for the fully periodic case are as good as those in 
[7] for the TxK 2 case and even as those obtained by Hadac [5] for R 3 , which are 
optimal by scaling considerations. We believe this is remarkable since apart from 
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nonlinear wave and Klein-Gordon equations there are only very few examples in 
the literature, where the periodic problem is as well behaved as the corresponding 
continuous case. (One example is of course Bourgain's £ 2 (T) result for the cubic 
Schrodinger equation [3j, but this is half a derivative away from the scaling limit.) 
On the other hand there are many examples, such as KdV and mKdV, where at least 
the methods applied here lead to (by \ derivative) weaker results for the periodic 
problem. Another example is the KP-II equation itself in two space dimensions, 
where in [7] we lost j derivative when stepping from K 2 to T x K. Another loss of 
j derivative in the step from T x 1 to T 2 is probable. 

3. For the semilinear Schrodinger equation 

ilit + Ait = \u\ p u 

on the torus, with 2 < p < 4 in one, 1 < p < 2 in two dimensions, one barely 
misses the conserved L 2 norm and thus cannot infer global well-posedness. The 
reason behind that is the loss of an e derivative in the Strichartz type estimates in 
the periodic case. A corresponding derivative loss is apparent in Theorem [T] but 
the usually ignored mixed part of the rather comfortable resonance relation of the 
dispersion generalised KP-II equation allows (via M~ e ) to compensate for this loss, 
so that for high dispersion (3 < a < 4) we can obtain something global. The author 
did not expect that, when starting this investigation. 

4. We restrict ourselves to the most important (as we believe) values of a. Our 
arguments work as well for a S (2, 3] with optimal lower bound for s but possibly 
with an e loss in the y variable. For a > 4 we probably loose optimality. 

5. In [5T] Takaoka and Tzvetkov proved a time localised L 4 — L 2 Strichartz type 
estimate without derivative loss for free solutions of the Schrodinger equation with 
data defined on I x T. Inserting their arguments in our proof of Theorem [T] we 
can show a variant thereof with Eq = £i = £2 = 0, if the data live on T x E x T. 
Consequently our well-posedness results are valid in this case, too. 

2. Proof of Theorem Q] 
The main ingredient in the proof of Bourgain's Schrodinger estimate 

l|e ltA wo||L^(T3) < ||«o|U-(T»), (e > 0) 
is the well known estimate on the number of representations of an integer r > 
as a sum of two squares: For any e > there exists c e such that 

(10) #{r? e Z 2 : \ V \ 2 = r} < c e r s . 

For pop , see [TTJ Theorem 338] . Our proof of Theorem [1] relies on the following 
variant thereof. 

Lemma 1. Let reN, i5 e I 2 . Then for any e > there exists c e , independent of 
r and 8, such that 

(11) #{r; G Z 2 : r < \r, - 8\ 2 < r + 1} < c £ r e . 

Proof. In the case where 5 6 Z 2 , this follows by translation from (110|) . So we may 
assume 6 S [0, l] 2 , and we start by considering the special case S — (i, |). Here 

#{77 eZ 2 :r < \rj-5\ 2 < r + 1} 
= #{77 £ Z 2 : 4r < \2rj- 25\ 2 < 4(r + 1)} 

= E*:t 3 #{^^ 2 :|2^-2J| 2 = 0- 
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But 1 2r\ - 28 1 2 = 4\i]\ 2 - 4{r), 28) + 2 = 2 (mod 4), so the only contribution to 
the above sum comes from I = 4r + 2. Thus, by (fTU|) . for any e' > there exists <v 
such that 



(12) #{77 G Z 2 : r < |r/ - <5| 2 < r + 1} < c e ,(4r + 2) £ < c £ -(6r) e . 

Next we observe that for 8 G {(0, §), (|, 0), (|, 1), (1, §)} we have |2r/ - 2<5| 2 = 
1 (mod 4), so that the estimate (fT2"|) is valid in these cases, too. Iterating the 
argument, we obtain for 8 — (S-, Wt) with m G N and < mi. 2 < 2 m the estimate 

(13) #{77 G Z 2 : r < \n - S\ 2 < r + 1} < c e , (6"V) e ' . 

Now for an arbitrary 6 G [0, l] 2 we choose <5' = (^V, S-) with \8 - 8'\ ~ r~5, 
so that 



{7; G Z 2 : r < \rj - 8\ 2 < r + 1} C {-q G Z 2 : r - 1 < |?y - S\ 2 < r + 2} 
and hence, by (fl3]) . 

#{ry G Z 2 : r < \n - 6\ 2 < r + 1} < 3c £ , (6 m 'r) £ ' . 

Such a 8 exists for 2 m ~ r^, estimating roughly, for 6 m < ri . So we have the 
bound 

#{77 G Z 2 : r < \tj - 5\ 2 < r + 1} < 3c e <r^. 



Choosing e' = %f , c £ = 3c e > , we obtain |TT|) . 



□ 



Corollary 1. If B is a disc (or square) of arbitrary position and of radius (side- 
length) R, then for any e > there exists c £ such that 

(14) XB(vi)<c £ R e - 

r<|rji-<5| 2 <r+l 

Proof. If R > ri , the estimate (fl4"|) follows from Lemma [TJ If R <C r3, there are 
at most two lattice points on the intersection of B with the circle of radius ~ r 2 
around 8, by Lemma 4.4 of [4]. □ 

In the sequel we will use the following projections: For a subset M C Z 2 we 
define Pm by TPm u(k, 7], r) = XM(v)J~u(k,ri,T). Especially, if M is a ball of 
radius 2' centered at the origin, we will write P; instead of Pm- Furthermore we 
have Pa; = p — P-i, and the P-notation will also be used in connection with 
a sequence {Q l a } a ^z 2 of squares of sidelength 2 l , centered at 2 l a. Double sized 
squares with the same centers will be denoted by Q l a . 

Theorem 5. Let s > 1, b > o arl ^ e > 0. TTien for a disc (or square) B of 
arbitrary position with radius (sidelength) R we have 

(15) \\(PBu)v\\ Liyt <R s \\u\\ Xo Jv\\ Xs>b . 

Proof. Choose f,g with ||/|| L ^ = ||u||x , 6 and WgW^ = \\v\\ Xs , b . Then the left 
hand side of (fl5|) becomes 

(16) || [dnY, E XB(vi)ftii,Ti)(o- 1 )- b g(&,T 2 )\k 2 \- s (o- 2 )- b \\ LlT . 
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Since ||uw||l 2 t — \\ uv \\l 2 t , which corresponds to ||u*w|| £ 2 = HS*^^ on Fourier 
side, where iu(£, r) = v(—£, — r), and since the phase function is assumed to be 
odd, so that ||u||x s6 = ll^llx, b > we ma y assume in the estimation on (p~6]> . that 
k\ and & 2 have the same sign, cf. Remark 4.7 in 2J. So it's sufficient to consider 
< |fc 2 | < |^i I < | A; | - Now, using Minkowski's inequality we estimate l|16p by 



II E N" s ll / d-ri E ^(mmei.nXtri)- 6 ^,^)^)- 6 !!^!!^ 
<lllfe|^|| /dn £ xs(^i)/(ei,n)(a 1 )- h 5 fe,r 2 )(a 2 )- fc || L ,J| iLi , 

where Cauchy-Schwarz was applied to X)fc ez' Thus it is sufficient to show that 

(17) II / dn £ Xs(m)/(6,n)(^)- b 5(e2,r 2 )(<7 2 )- b |U, T 

By the " Schwarz-method" developed in [14], [15] and by Lemma 4.2], (fT7|) follows 
from 

(18) £ XB(»?i)<r - ^o(fci) ~ to(fca) + ^ + IT")^ £ 

For w := ^ - ^77 we have Ji|ll + Ml = Ml + ^|w| 2 , so that with a := 
r — (j)o(ki) — (^0(^2) + -^j- the left hand side of (fT5|) becomes 

r)iGZ 2 - r>0 " r .<|^ 1 _^ 7) |2 <r+1 

By Corollary Q] the inner sum is controlled by c £ R e , while 

which proves (fTH| . □ 
The quantity, which we precisely loose in the application of Lemma Q] is 

r s ~ |77i - ^-77| 2e < {km - h V ) 2s , 

which is the symbol of the Fourier multiplier M 2e . Rereading carefully the 
calculation in the previous proof, we see that - instead of (fPT]) - the following 
estimate holds true as well. 

(19) || J dn E (^i-fci^)" £ /(Ci,n)( ( T 1 }- h .g(6,T 2 )(a 2 )- b || i?)T 



| feifc 2 | 

|fe|5 



<^T-||/(fcl,-,-)lk 2 T ,ll5(fc 2 ,-,-)IU 2 



(Introducing the M 6 we cannot justify the sign assumption on k, fci j2 any more.) 
Multiplying by |fc| 2 and summing up over k\ using Cauchy-Schwarz we obtain 
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(20) \\T x DZM- £ (u,v)\\ L ~ Llt < \\u\\x hb \\v\\x hi , 

from which Q follows by a further application of the Cauchy-Schwarz inequality. 
So Theorem [2] is proved. 

Proof of Theorem [7J Since in Corollary [1] the position of the disc is arbitrary, we 
may replace Xb{vi) by Xsfe) in the proof of Theorem O which gives 

(21) \\u{P B v)\\ Llyt <R e \\u\\ XQb \\v\\x s , b . 

Now we have symmetry between u and v, so that we may interpolate bilinearly 
to obtain 

(22) \\(PBu)v\\ Llyt <R s \\u\\ Xsi Jv\\ Xs2:b 

for si,2 > with s± + s 2 > 1. Decomposing dyadically we obtain with < e' < e 

IIHIl;* ^ Ei> ll( p Am>IUj v( <E i >o2 (£ 'II^A^IU sl ,Jkllx S2 , b 
< Y.i>^ l{e '- £) \W\\x sl , E Av\\x S2 . b < [[«lk,..JMk. a ,>. 

Exchanging u and v again we have shown for s\ t 2 > with s\ + S2 > 1 and 
£1,2 > with £i + e 2 > that 

(23) \\nv\\Ll vt <\\u\\x 3l ^AAx 32 ^ b , 

which is the Eq = part of ([1]) in Theorem [TJ To see the Eq > part, we 
decompose 

||£>- e °M|| iSt/t < E 2 ^°H p A/Mll^ yt , 

Z>0 

where for fixed I 

\\PAl(uv)\\l lyt = £ (PAl((P QL u)v),P Al ((P Qlp U)v)) Llyt . 

a, pel, 2 

Now for tji s Qq, < 2 l we have r)2 = i) — f]\ G Q'_ Q , so that the latter can be 
estimated by 

E (( P QL U X P QL> ( P Q^X P QL/)>^ t 

a,/3eZ 2 

< E (( P QL u )( P Q^)'^ u )( P QL F ))^ 

a,/3eZ 2 

< 2 ll( P QL")( P QL/)II^JK P Q^)(^^)ll^ t 

a,/3eZ 2 
a,/3eZ 2 

Using (|22|) and the almost orthogonality of the sequence {Pqi v} a£ z 2 we estimate 
the latter by 




a,/3GZ 2 
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Choosing e < Eq the sum over I remains finite and we arrive at 



< 



IMU 31 ,JMU S2 , 6 



Finally we remark that (j4|) and |5]) are equivalent by duality. 



□ 



3. Applications to KP-II type equations 

Here the phase function is specified as 0o(fc) = |/c| a £;, a > 2, so that the mixed 

i i 2 

weight becomes a = t~ \k\ a k + ^-. To prove the well-posedness results in Theorem 
[3] and [31 we need some more norms and function spaces, respectively. In both cases 
we use the spaces X s ^ E ^-p with additional weights, introduced in |2J and defined by 



(24) 



x. 



We will always have (3 > 0, so that 



(25) 

Observe that 



< 11/11 



X, 



(26) \\f\\x Bih ~ ll/lk,^, 

if (a) < (k) a+1 . 

The case a = 2 corresponding to the original KP-II equation becomes a limiting 
case in our considerations, where we have to choose the parameter & = |. Thus we 
also need the auxiliary norms 



ll/l 



1 + 



Il/lk..,, := ||/||>w + WfWx, 



(27) 

cf. [5], and 

(28) ,., , , . . j_ 

As before, for e = we will write X s ^-f3 instead of X Sje ^-f3, and if the exponent 
(3 of the additional weight is zero, we use X ae f, as abbreviation for X s _ £t b : p. Similar 
for the Y- and Z-norms. In these terms the crucial bilinear estimate leading to 
Theorem [3] is the following. 

Lemma 2. Let a = 2, s > | and e > 0. Then there exists 7 > 0, such that for all 
U, v supported in [-T, T] x T 3 the estimate 

(29) 

holds true. 



Correspondingly for Theorem 0] we have 

Lemma 3. Let 3 < a < 4. T/ien, for s > t/iere exist b' > — h and [3 6 [0, —b'], 
such that for all b > \ 



(30) 



\Di 



*-M-%u,v)\\x ^ 



< 



whenever e > is sufficiently small, and 



(31) 



RMH 



x. 



< 



u x, 



m\x. 
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In the proof of both Lemmas above the resonance relation for the KP-II-type 
equation with quadratic nonlinearity plays an important role. We have 

(32) a 1 +a 2 -a = r(k,k 1 ) + — , 
where 

|r(fc,/5i)| = ||fc| Q fc - |fci| Q fci - |fc 2 |% 2 | - l/wrifcminl, 

see [5]. Both terms on the right of (|32[) have the same sign, so that 

(33) maxiHH,!^!}^ \k n "'• " ~ '''"'I" 



^min 1 1 ^max \ i 17771 
|K«1«2| 

The proof of Lemma[2]is almost the same as that of Lemma 4 in [7], it is repeated 
here - with minor modifications - for the sake of completeness. We need a variant 
of Theorem [T] with b < h. To obtain this, we first observe that, if si. 2 > with 
si + s 2 > |, £0,1,2 > with so + e\ + £2 > 1, 1 < P < 2, and b > then 

(34) n^r°(HiiL^ ? < ii«ik. l .. lli ii«ii^,. a , 4 . 

This follows from Sobolev type embeddings and applications of Young's inequality. 
Dualizing the p — 2 part of ([3"4"|) we obtain 

(35) ll^llx_, I ,_ E1 ,_ i ,<||^^|U| y J|«|U 82>e2 , i ,. 
Now bilinear interpolation with Theorem [T] gives the following. 

Corollary 2. Let si. 2 > with si + s 2 = 1 and £12 > with £1+62 > 0, then 
there exist b < h and p < 2 such that 

(36) II^MII^l? + hv\\ Liyt < \\u\\ Xsi ^Jv\\x S2 ^ b 
and 

(37) IIHk-n,-* < KHUjJMk,,.,.* 

The purpose of the p < 2 part in the above Corollary is to deal with the Y- 
contribution to the Z-norm in Lemma [2] Its application will usually follow on an 
embedding 

IK^-i/IUi^ < ||71| i|i?J 

where p < 2 but arbitrarily closed to 2. Now we're prepared to establish Lemma[2J 

Proof of Lemma [H Without loss of generality we may assume that s = \. The 
proof consists of the following case by case discussion. 
Case a: (fc) 3 < (a). First we observe that 

(38) \\d x (uv)\\ Zas;i < \\D s x +1 (Dlu-v)\\ Zooi +\\D° x +1 (u-Dlv)\\ ZoM . 
The first contribution to (j3"5)) equals 

\\HDt,u ■ v)\\ l1t + \\(a)-i^(D s y u ■ v)\\ qL i 

< \\HD e y u-v)\\ Ll ^ L%L v < \\u\\x.,.Jv\\x„, b 

by (|5d| , for some b < | . Using the factQ that under the support assumption on u 
the inequality 

(39) Hk,^<^u||x s 



^for a proof see e. g. Lemma 1.10 in [6] 
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holds, whenever — ^ < b < b < ^, this can, for some 7 > 0, be further estimated 
by T 7 ||u||x 1 ± \\v\\x 11 as desired. The second contribution to ([55]) can be 

treated in presicely the same manner. 

Case b: (A:) 3 > (a). Here the additional weight on the left is of size one, so that 
we have to show 

\\d x (™)\\z B , e <Ti\\u\\ X3eU1 \\v\\x s el>1 . 

Subcase b.a: a maximal. Exploiting the resonance relation ([55]) , we see that 
the contribution from this subcase is bounded by 

\\TD x Dl(D-K ■ D-^v)\\ Ll ^ L%L% < \\T(dIdIu ■ I>x *«)||z» T n£|£? + •• - , 

where p < 2. The dots stand for the other possible distributions of derivatives on 
the two factors, in the same norms, which - by (f3l)|) of Corollary [5] - can all be 
estimated by c||u||x» e b\\ v \\x e e b for some b < \. The latter is then further treated 
as in case a. 

Subcase b.b: o\ maximal. Here we start with the observation that by Cauchy- 
Schwarz and ([55)1 , for every b' > — i there is a 7 > such that 

\\dAuv)\\z^<T^\\D s x +1 (uv)\\ XoEb ,. 

With the notation A fc = T~ x {p) h T we obtain from the resonance relation that 

W x + \uv)\\ Xae bl < \\D x (D^Aiu-D-K)\\ Xoe b , 

<\\(DlDlAiu)(D x K)\\ Xobl + \\{DH>u){D* h D e yU)\\ XoV 

+ \\{D x h -Dl^u){Dlv)\\ Xobl + \\{DZ^^u){DlDlv)\\ XoM 

Using ([57)) the first two contributions can be estimated by c||u||x 1 IM|x s e b as 
desired. The third and fourth term only appear in the frequency range \k\ \ki\ ~ 
l^al, where the additional weight in the \\u\\x 1 1 -norm on the right becomes 

1^4, thus shifting a whole derivative from the high frequency factor v to the low 
frequency factor u. So, using (|37|) again, these contributions can be estimated by 

4Ax„ l Av\\x.,., i <\Hx„ x .M\x m . i . l - 

s,e, 2 , 2 s,e, 2 : 2 s,e '° : 2 

□ 

Now we turn to the proof of Lemma[31 where the restrictions to the 6-parameters 
can be relaxed slightly, so that the auxiliary Y- and Z-norms are not needed. We 
use again the A-notation, i. e. A 6 = T~ x (<r) 'T '. 

Proof of Lemma [51 First we show how (I3TJ1) implies (f3"Tj) . By the resonance relation 
(p?3"|) we have 

IM " kvi\ 2 < \kktk2\da) + (ai) + (<t 2 » < \kk 1 k 2 \(a)(a 1 )(a 2 ), 
so that (13111 is reduced to 



\\D s ^M-%u,v)\\ XoM+ ^ < Nk_ 5 ,>_ 4 >lk_ 5 , 6 _ fii9 , 

Relabelling appropriately and choosing s sufficiently small, we see that (|3"Tj) 
follows from (|3"U)) . To prove the latter, we may assume s < 0. Next we choose e 
small and b' close to — | so that 



(40) 



s > 2 + (a + 1)6' + 3e 
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and (3 :— € [0, —b'\. Now the proof consists again of a case by case discus- 
sion. 

Case a: {k) a+1 < (a). Here it is sufficient to show 

(41) \\D^-^M-%u,v)\\ Xob , +0 < \\u\\ x .Jv\\ x . %b 

Subcase a.a: fc| -C \ki\ ~ \k%\. 

Subsubcase triple a: (a) > (0x2) • Here we use the resonance relation to 
see that the left hand side of (|4ip is bounded by 



m+ l+s- a p+b M - S(Dx 2 UjDx 2 v)h .^ 

s + l + e+(a + l)6' « + l + e+(o + l)b' 

< \\M~%D X 2 u,D x 2 v)\\ Llyt , 

where we have used the assumption on the frequency sizes in this subcase. Observe 
that our choice of (3 implies s + 1 + e — a/3 + b' = 1 + e + 2b' > 0. Now the bilinear 
estimate Q is applied to obtain the upper bound 

a + 2 + 3e + (c. + l)b / s + 2 + 3e+(c + l)b' 

\\D X 2 u\\ Xo JD x 2 v\\x , t <\Hx.Jv\\x., > , 



where in the last step we have used (|40|) . 

Subsubcase a.a.b: (<ti) > (er),(<72)- Here the resonance relation gives 
that the left hand side of (jlTj) is bounded by 

|| D s+l +E - a/3 +6' M - £(D s A y jD a(6'+«- Su) || Xo ^ 

< \\D~*- E M-t(D s x A b u,Dl +2£+{a+1)b ' 'v)\\ Xo ._„■ 
Now the dual version of estimate ((9]), that is 

(42) \\M-*{u,v)\\ x , , <||«[[ £| JM|x I + 1 + 

is applied, which gives, together with the assumption PU|) . that the latter is 
bounded by c||it||x s b [|f || b - This completes the discussion of subcase a.a. Con- 
cerning subcase a.b, where \k\ > |fci,2|j we solely remark that it can be reduced to 
the estimation in subsubcase triple a. 

Case b: (k) a+1 > (a). Here the additional weight in the norm on the left of 
([50)1 is of size one, so our task is to show 



(43) \\D^M-%u,v)\\ Xob , < IMk, JMk, ti/3 . 

Subcase b.a: (a) > (0-1,2)- Here we may assume by symmetry that \ki\ > l^l- 
We apply (l33|) and (J9j) to see that for 8 > the left hand side of (|43|) is controlled 
by 

\\M- e (D & x + 1+e + ab '+ s u,D b J~ 5 v)\\ L 2 yt 
< \\Di Ax. ih \\D x v\\ Xob . 

The latter is bounded by c||it||x Si! , ]M|x Sii ,, provided | + 2e + ab' + 5 < and 
fc' + i+ e — <5 < s, which can be fulfilled by a proper choice of 5 > 0, since ((301) 
holds. 

Subcase b.b: (<ti) > (a), ((72)- 
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Subsubcase b.b.a: |fci| > \k2\- With S > as in subcase b.a the contribution 
here is bounded by 

\\D-*- e M-°iD?i + * + ^A\D«-'v)\\ Xoi _ b 

where (f33|) and the dual version (|42|) of Theorem [2] were used again. Finally we 
turn to the 

Subsubcase triple b, where |fci| <C |fc| ~ |&2|- Here the additional weight in 



u 



x s b .„ on the right of (|4"3"|) behaves like 



\k\\ aP f\k 2 \^ af} 



\ki\J 

so that it is sufficient to show 



(44) \\DZ+ l +°M-'(u,D-"f>v)\\ Xa<v < \\u\\ x ._ a0 Jv\\ x . 

Now by (|3"3"|) the left hand side of (|4"4l can be controlled by 



\\D-*- E M-%D b :A»u,D s x + ^°"° - p> v)\\ Xo> _ b 

< \\D b :u\\ Xo jDl +3 ^ a+ ^ b 'v\\ Xo , b 

by (|42|) . Since b' = s — a/3 the first factor equals ||u||x a _„^ b , while by (j40|) the 
second is dominated by |M|x s b - This proves (|44|) . □ 



Finally we recall the definition of the Fourier restriction norm spaces from [2J. 
For a time slab / = (—6, 5) x T 3 they are given by 

with norm 



Now our well-posedness results read as follows. 

Theorem 6 (precise version of Theorem 3). Let s > h and e > 0. Then for 
uq E H^.Hy(T 3 ) satisfying {2} there exist S = 5(||uo||fl"|i?«) > and a unique 
solution u E X s i-A o/ £/ie Cauchy problem ([I]) a = 2. TTijs solution is 

5,£, 2 ; 2 

persistent and the mapping Uq i— > u 7 H^,Hy(T 3 ) — ► -X" 1.1 is locally Lipschitz for 
any 5q E (0, (5). 

Theorem 7 (precise version of Theorem 4). Let 3<a<4, s>s'> 
and e > 0. TAen /or wo E H^H^T 3 ) satisfying (|2J) t/iere exist 6 > |, /3 > 0. 
5 = 5{\\u \\ H s> H e) >0 anda unique solution u E X s s eMf} C C G ((-5,5),H s x H £ y (T 3 )). 
This solution depends continuously on the data, and extends globally in time, if 
s > and e = 0. 

With the estimates from Lemma [2] and |3] at our disposal the proof of these 
theorems is done by the contraction mapping principle, cf. [2J, [5J, [T3], [15] . The 
reader is also referred to section 1.3 of [B], where the related arguments are gathered 
in a general local well-posedness theorem. 



SPACE-TIME ESTIMATES FOR KP-TYPE EQUATIONS 



13 



References 

[1] Ben-Artzi, M., Saut, J.-C: Uniform decay estimates for a class of oscillatory integrals and 
applications, Differential and Integral Equations 12 (1999), no. 2, 137—145. 

[2] Bourgain, J.: On the Cauchy problem for the Kadomtsev-Pctviashvili equation, Geom. Funct. 
Anal. 3 (1993), no. 4, 315-341. 

[3] Bourgain, J.: Fourier transform restriction phenomena for certain lattice subsets and ap- 
plications to nonlinear evolution equations. I. Schrodinger equations, GAFA 3 (1993), 107 - 
156. 

[4] De Silva, D., Pavlovic, N., Staffilani, G., Tzirakis, N.: Global Wcll-Posedness for a periodic 
nonlinear Schrodinger equation in ID and 2D. Discrete Contin. Dyn. Syst. 19 (2007), 37 - 65 

[5] Ginibre J., Tsutsumi, Y., Velo G.: On the Cauchy problem for the Zakharov system. J. Funct. 
Anal. 151 (1997), 384-436. 

[6] Griinrock, A.: New applications of the Fourier restriction norm method to wcllposcdncss 
problems for nonlinear evolution equations. Thesis, Univcrsitat Wuppcrtal, 2002 

[7] Griinrock, A., Panthee, M., Silva, J.: On KP-II type equations on cylinders. Preprint, 2008. 

[8] Hadac, M.: On the local well-poscdness of the Kadomtsev-Petviashvili II equation. Thesis, 
Univcrsitat Dortmund, 2007 

[9] Hadac, M.: Well-posedness for the Kadomtsev-Petviashvili equation (KPII) and generalisa- 
tions, Trans. Amer. Math. Soc, S 0002-9947(08)04515-7, 2008. 
[10] Hadac, M., Hcrr, S., Koch, H.: Well-posedness and scattering for the KP-II equation in a 

critical space. Annales Henri Poincare (to appear). 
[11] Hardy, G.H., Wright, E.M.: An introduction to the theory of numbers. 5th ed. Oxford etc.: 

Oxford at the Clarendon Press. XVI, 1979 
[12] Isaza, P., Lopez, J., Mejia, J.: The Cauchy problem for the Kadomtsev-Petviashvili (KPII) 
equation in three space dimensions, Comm. Partial Differential Equations, 32 (2007), 611- 
641. 

[13] Isaza, P., Mejia, J.: Local and global Cauchy problems for the Kadomtsev-Petviashvili (KPII) 
equation in Sobolev spaces of negative indices, Comm. Partial Differential Equations, 26 
(2001), 1027-1054. 

[14] Kenig, C, Ponce, G., Vega, L.: A bilinear estimate with applications to the KdV equation, 

J. of the AMS 9 (1996), 573 - 603 
[15] Kenig, C, Ponce, G., Vega, L.: Quadratic forms for the 1 - D semilinear Schrodinger equation, 

Transactions of the AMS 348 (1996), 3323 - 3353 
[16] Saut, J.-C: Remarks on the generalized Kadomtsev-Petviashvili equations, Indiana Univ. 

Math. J. 42 (1993), no. 3, 1011-1026. 
[17] Saut, J.-C, Tzvetkov, N.: The Cauchy problem for higher-order KP equations, J. Differential 

Equations 153 (1999), 196-222. 
[18] Saut, J.-C, Tzvetkov, N.: The Cauchy problem for the fifth order KP equations, J. Math. 

Purcs Appl. 79, 4 (2000), 307-338. 
[19] Saut, J.-C, Tzvetkov, N.: On Periodic KP-I Type Equations, Commun. Math. Phys. 221 

(2001), 451-476. 

[20] Takaoka, H., Tzvetkov, N.: On the local regularity of the Kadomtsev-Petviashvili-II equation, 

IMRN (2001), no. 2, 77-114. 
[21] Takaoka, H., Tzvetkov, N.: On 2D nonlinear Schrodinger equations with data on R X T. J. 

Funct. Anal. 182 (2001), 427 -442 
[22] Tzvetkov, N.: On the Cauchy problem for Kadomtscv Pctviashvili equation. Comm. PDE, 

24 (1999), 1367-1397 

Axel Grunrock: Rheinische Friedrich-Wilhelms-Universitat Bonn, Mathematisches 
Institut, Beringstrasse 1, 53115 Bonn, Germany. 
E-mail address: gruenrocamath.uni-bonn.de 



